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FOREWORD

The principal aim of Contract F-19628-78-C-0032 is to elucidate
the influence of water as an atmospheric constituent on the over-all
behavior of the atmosphere. The processes involving water which will
particularly concern us are evaporation frém the carth's surface with its
accompanying cooling of the surface, condensation or evaporation within
the atmosphere with its accompanying warming or cooling, precipitation,
reflection of short-wave radiation by clouds, and absorption and emission
of long-wave radiation by clouds and water vapor. We arc interested in
how the atmospheric wind and temperature fields differ from what they
would be if water were not present, and in how the various processes
which we have mentioned contribute to the differcnces. We are also
interested in such matters as the contributions of these processes to
the changes in the wind and temperature fields which would accompany
a change in the intensity of the solar radiation.

Our specific goal has been the construction of a low-order numerical
model of the general atmospheric circulation which incorporates all of
the processes involving water which we have mentioned. By a low-order
model we mean one defined by a minimal number of prognostic ordinary
differential equations which can yield a qualitatively valid description
of the processes involved. We do not expect a low-order model to give
quantitatively correct results, and we certainly do not expect it to
produce good day-to-day weather forecasts.

The most obvious advantage of a low-order model is the speed with

which numerical integrations can be performed. This allows us to examine

ion/
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many more cases than could econamically be treated with a large model.
Perhaps equally important is the fact that the paucity of dependent
variables greatly facilitates the analysis of the results.

The principal section of this report, entitled "The feasibility of
a low-order model of a moist general circulation", is devoted to a
description of the low-order moist model which we have formulated. We
also describe some preliminary numerical experiments in which the solar
heating is taken to be horizontally uniform. We intend to submit this
section to a journal for publication, af' r we have performed and analyzed
a few numerical experiments with horizontally variable solar heating.

Under a previous contract (F 19628-~77-C-0026) w: introduced the
concept of moist available energy (MAE). This is identical to available
potential energy in a dry atmosphere, but in a moist atmosphere it is
defined in such a manner that both dry-adiabatic and moist-adiabatic
processes preserve the sum of MAE and kinetic energy. MAE may be generated
and destroyed by diabatic heating and cooling. It may also be generated
by evaporation from the earth's surface and destroyed by precipitation,
but it is not altered by condensation and evaporation within the atmosphere.
We devised a graphical procedure for cvaluating the MAE present in a given
atmospheric state.

One of the first tasks under the present contract was to devise a
numcrical procedure for evaluating MAE. We felt at that time that this
task should precede construction of our low-order model, and that the
low-order model, when formulated, should treat MAE in a qualitatively
correct manner. As our low-order model stands at present, we have not

identificd any quantity which possesses the properties of MAE.
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Having developed a rapid numerical procedurc for cvaluating MAE,

we felt that it would be desirable to apply it to a sequence of real
weather situations. 1In order to perform the evaluations, we had to
introduce assumptions regarding the amount of liquid water at each point
in the atmosphere, since liquid water is not onc of the quantities which
is observed on a routine basis. We soon discovered that our results were
highly sensitive to the manner in which we estimated the liquid water
content. We therefore decided to abandon our attempts to study the day-
to-day variations of MAE, at least until such time as suitable methods

of estimating liquid water content became available, possibly through new
satellite observations.

Another of our aims was to develop a low-order moist model spanning
many scales of motion, possibly from the global scale to the cumulus
scale, in contrast to the model described in this report, which covers
only the largest scales. It became evident that such a model could not
easily be formulated until the present moist model was in working order.
As a result we have not progressed with this task.

As described in the main section of this report, we have already
uncovered one surprising result, namely that with certain intensities
of horizontally uniform solar heating, there are two markedly different
equilibrium distributions of temperature and moisture. We believe that

further experiments with the model will uncover some equally interesting

results.




THE FEASIBILITY OF A LOW-ORDER MODEL

OF A MOIST GENERAL CIRCULATION

1. Introduction

The past two decades have seen the ever-increasing application of
highly simplified systems of equations to various problems involving the
circulation of the atmosphere or the ocean or some other fluid sysiem.
Such systems of equations have come to be known as "low-order modeis.”
The construction of a low-order model of the atmosphere usually begins
with the selection of a set of M) prognostic partial differential equations,
and some auxiliary diagnostic equations, which approximate the equatiuns
governing the atmosphere; the ™M dependent variables usually include
the wind components and thc temperature, and sometimes the water content.
The vertically continuous atmosphere is first approximated by an array
of N layers; the thrce-dimensional field of each dependent variable
is replaced by N two~-dimensional fields, and the equations are modified
accordingly. Often N = & ; sometimes N = | . Each two-dimensional field
is then expanded in a series of orthogonal functions - generally a double
Fourier scries if the carth is approximated by an infinite plane or
channel, or a series of spherical harmonics if spherical geometry is
retained - and the coefficients of the orthogonal functions become the
dependent variables in the new equations. Finally the system is truncated
by omitting reference to all but a small number K of terms in each .
series. The resulting k( rﬂ PJ prognostic ordinary differential equations

can retain some of the essential nonlinearity of the advective process

oven when K = 3
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A similar procedure may be used when the fluid system is a portion
of the atmosphere, all or a portion of the occan, or a laboratory model
of the atmosphere or the ocean. Variations arc possible; for example,
the value of N or K may be different for different variables.
Ordinarily, the advective terms in a low-order model will prescerve total
energy if those in the original equations do so also, provided that the
total energy is a quadratic function of the dependent variables.

One does not ordinarily expect quantitatively correct results from
a low~order model when the truncation of the serics 1s severe. It is

widely assumed, however, perhaps mainly as an article ot faith, that a

carefully constructed low-order musdel can qive results which are qualitatively

realistic, at least over certain ranges of the adjustable paramcters.
The advantages of low-order models are that in some instances analytic
solutions may be found, while, when numerical methods must be used, the
computations needed to simulate a given span of real time may be fewer
by several orders of magnitude than those requirced when a large global
circulation model or something ecqually detailed is used. Also, the
paucity of variables can facilitate the subsequent interpretation of the
numerical results. Thus, with a model consisting of only cight prognostic
ordinary differential equations, we were able, using analytic procedures,
to reproduce the qualitative arrangement in paramcter space of the transi-

tion between the Hadley and Rossby regimes, as obsecrved in laboratory

experiments (Lorenz, 1962). When we increased the number of equations

to fourteen, we were able, using numerical procedures, to reproduce the

transition from steady Rossby flow to vacillation, with relatively little

computational effort (Lorenz, 1963).
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Many of the recent large global circulation models treat the atmosphere
as 1 mixture of dry air, water vapor, liquid water, and perhaps ice.
Low-order models of small-scale systems also have frequently been moist
models. Low-order general-circulation models, however, have generally
treated the atmosphere as an ideal gas. Reasons for this state of affairs
are not hard to identify. First, although simple products, such as those
appearing in advective terms, assume a reasonably simple form when
transformed into Fouricer space, some of the nonlinear functions arising
in moist-atmosphere thermodynamics, such as those relating saturation
mixing ratio to temperature and pressure, transform into very complicated
expressions.

With large models this difficulty may be circumvented by transforming
the variables from Fouricer space to grid-point space, performing the thermo-
dynamic computations at each grid point, and then transforming back to
Fourier space, at every time step, thanks to the Fast Fourier Transform.
With low-order models this procedure introduces another difficulty. The
mixing ratio, which is commonly used as a measure of water-vapor content,
is always positive, but on a global scale it may vary by one or even two
orders of magnitude in the horizontal direction. A highly truncated

Fourier series which best approximates the mixing ratio over the bulk

of the atmosphere is likely to indicate negative values at some points
and values representing supersaturation at others.
The purpose of this work is to demonstrate that the formulation of

a low-order model of a4 moist general circulation is nevertheless feasible.
We shall construct a model in which the basic variables are Fourier

coefficients, and we shall transform the variables to and from grid-

point spacce. We shall include the thermodynamic effects of phase changes
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of water, and also the effects of water vapor and liguid water on short-

wave and long-wave radiation, which we shall formulate in a simplified

manner compatible with the low vertical resolution of the model. We shall

not include the possible presence of ice. We shall allow liguid water

to remain for a while in the form of clouds beforc returning to the

earth as rain.

Since the atmosphere receives much of its cnergy in the form of latent

heat through evaporation from the ocean, we shall find it convenient to

let the earth's surface consist entirely of ocecan. The simplest arrange-

ment, in the sense of entailing the fewest dependent variables, would

be to let the ocean have zero heat capacity, and to determine its temp-—

erature diagnostically by requiring that it neither gain nor lose energy.

Such an ocean might more properly be thought of as wet land. It is more

realistic, and just as simple computationally, to give the ocean a finite

heat capacity, in which case the ocean temperature becomes another depen-

dent variable. We shall not consider an ocean of infinite heat capacity,
which would require prespecifying the ocean temperature.

To avoid the particule. difficulties which we have noted, we shall

make a few departures from the most commonly used procedures. First, we

shall use a quantity representing total water content rather than water-

vapor content as a basic variable. We shall use an auxiliary diagnostic

equation to specify how much of the total water is vapor and how much is
liquid; if this equation is judiciously formulated the problem of super-

saturation will never arise. In formulating the equation we shall recog-

nize that each grid point actually represents a large area, and that a

portion of the area may be subsaturated while another portion contains

clouds.




Next, our variable representing total water content will be the

By the total

"total dew point" rather than the total-water mixing ratio.

dew point we mean the value which the ordinary dew point would acquire

if all the liquid water were converted to vapor, at constant pressure.

Like the temperature, the total dew point should vary by a factor of

less than two in the horizontal direction, and even a highly truncated

Fourier series representing it should not produce negative values.

In the following sections we shall formulate first the equations of

a continuous atmosphere, then the equations of a layered atmosphere, and

Since we shall be concerned

finally the equations of a low-order model.

alternative formulations,

at times suggest

mainly with feasibility, we shall

and our numerical values, when not dictated by the physics, will simply

be suggested values. We shall present the results of a few numerical

integrations, which will constitute an initial test of the model.

2. The continuous equations

Our independent variables will be time t + pressure P . and

horizontal coordinates X and tf . Our basic dependent variables

will be height Z , horizontal velocity derivable from a stream function

V/ and a velocity potential 32 , individual pressure change W ,

total dew point W , air temperaturc T , and, in our principal

version, sea-surface temperature S; . From these we shall derive the

auxiliary variables total-water mixing ratio ar- , water-vapor mixing

ratio Ar , saturation mixing ratio AA corresponding to air temperature .

and pressure, and saturation mixing ratio § corresponding to sea-

surface temperaturc and sca-level pressure. We shall let the atmosphere

occupy a channel of infinite west-cast extent, bounded laterally by fric-

tionless walls at M= 0  and 4 = ™D . and below by the surface F = Pq '




o e p
e i

B e e s o il

e

o g e e N AN AL b et A Akachar

T P DA i WM i AT > 15

whose height will be allowed to vary. Suggested values for L)  and
Pq are 2000 km, if the channel is supposcd to simulate the extra-

tropical latitudes of one hemisphere, and 1000 mb.

Our basic diagnostic equations will be the hydrostatic, geostrophic,

and continuity equations

9Z/2F =-RT/(gp) |, 0

{:oq’l = 3—2 p) (2)
X + 2w/op = 0 , (3)

where F( is the gas constant for air, g/ i1s the acccleration of gravity,
and fo is the constant average value of the variable Coriolis parameter

P . We shall let (O vanish at the top and bottom of our model

atmosphere.

Our prognostic equations will be the vorticity equation

* ¢t 2
2V +/9t=_3wlvz\y+f§_¥ov>’~+v F .
the equation for continuity of water content

dur/.lf = G, (5)

and the first law of thermodynamics applied separately to the atmosphere

and the ocean,
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A(Cp-r"’ L"")/o‘f = RTW/P + H (6)

d(cS)/dt = E ™

where | _ is the latent heat of condensation of water vapor, assumed
constant, Cp is the specific heat of air at constant pressure, C is
the specific heat of liquid water, and J— denotes a Jacobian with respect
to % and 4 . Here VlF y G-_, 1= , and E are source and sink
terms for vorticity, atmospheric water content, and atmospheric and oceanic
enthalpy; F includes friction, G‘ includes evaporation and precipitation,
and H and E include diabatic heating and the effects of evaporation
from the ocean surface (but not the effects of condensation within the
atmosphere). By writing (6) as a prognostic equation for specific enthalpy
C_‘,T + L~ , we automatically include the thermodynamic effects

of water. The omission from (4) of the nonlinear terms containing X

or (W is consistent with the geostrophic approximation. Suitable

numerical values for the constants arc 'fa = 10‘45_1, 9/: 9.8 ms—zy

C, = 1000 m?s %k7L, € = 4185 w’s %K, R=(:).}7)CP, and L= 2.5 x 10%n%s72.

We shall rclate the mixing ratios to the temperatures by the approxi-

mate formulas

= C.‘ \I\//A/P ) (8)

B

< T /A/" (9

»

z
0

s = C'S/“/Pq

(10)

E
|
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1
where < and /M are constants for which appropriate values will

presently be introduced. To close the system we need an equation relating
~N- to the other variables. The standard assumption is that there is )
no liquid water if the total water is insufficient for saturation, i.e., 1
A= pr if ar a4 and no supersaturation if the total water is suffi-
cient, i.e., M= M is M M . Sometimes condensation is assumed

to occur when the relative humidity AN = AT/M rcaches some value below

saturation, perhaps 80 per cent. As we have noted, we prefer a formulation i

where a portion of the region represented by a single grid point may be
subsaturated, while another portion may contain clouds. We shall choose

a formula which makes the liquid water content s -~ a—~ small when the

ks e o st S SRS

degree of subsaturation M - a- is large, and vice versa. A simple

formula of this sort, which makes /v-/nr 2| as m > o , and N'/M - | 1

as Mmr o) oo, is i

T 2 ,g

("""‘")(“‘”3:\/*’ (11)

where Y is a small constant. Egs. (1)~(11) form our closed system in

the 11 basic and auxiliary dependent variables.

Choosing Y =)/y makes L= 047 when Arzufa, /L =0.830 when

M= M , and /L =0.95 when am-r= A . We also note that choosing

Y = O reduces (11) to the standard assumption.

To arrive at formulas (8)-(10) we write the Clausius-Clapeyron equation

in the approximate form

Aeg(1)/dT = el oD/ (RT"T)

(12)
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where Qg (_T) is the saturation vapor pressure of water at temperature T ’

"
€ =0.62% is the ratio of the molecular weights of water and air, and T
is a constant temperature typical of the atmosphere, say 273 K. This

* L]

modification from the more exact form, in which T instead of T T
would appear in the denominator, and L would vary with T , makes
9-5(1‘\ proportional to '1-/“l , where M= c L/(RT’\) is a constant
whose appropriate value is about 20.0. Eq. (8) then follows from the

approximate relation Ay = & QS(T)/P ; the constant c¢' 1is to be

chosen so that M = 0.0038 when T =273 Kand P 1000 mb. Egs.

(9) and (10) are arrived at similarly.

From (1) and (2) we obtain the thermal wind equation

Qv /op =-RT/(fop) (13)
after which further reference to Z is superfluous. Our closed system

is now (3)-(11) and (13).

We would prefer a prognostic equation for W  to one for mr .

From (5) and (8) we find that

Jw/alt = vW w/p + V\I\/G‘/M" ) (14)

where ¥ 2 \//u . Likewise, we would prefer a prognostic equation for T

to one for C’?T +l.~ . We find from (11) that
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|
JN'/J{ = N, dﬂ’/dt + A JM/’It ) (15)
! where
!
Vir = o (=) [ ar(mm o) mlor =) (16) .i

z

1‘ ”'(“"""§/[M’(“‘”> t o (wren)]) (17) |

With the aid of (9) and (15), (6) becomes

r
E |
, ’ {c..th,\dT/)t s (x<'+vc..})1-w/p + (H - L_AI'M’_G.) . (18)
5 %
.‘ where ‘)L:R}c,, and Cq,:/uLMu-M/T_ y
. Finally, we need to rewrite (17) and (18) with local time derivatives. :
!
We obtain
W[t ~T(ww) - VL IW -wow/op
+vv~/uo/p + VW6 [wr 1)
IT/st = -T(4,T) - X VT ~wdT/op

3 i »
;" ‘ +[(xc,,+vc@)/(c,.+cd]1‘w/? + (H-wa’>/(Cr*C+). (20)

2O " S
T
2 b il

el o e Yt

4
i
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To interpret the coefficient of TWHIFa in (20) we may picture an
adiabatic chart, with pressure and temperature as coordinates, drawn so
that the slope of the dry adiabats is X . The slope of the lines of
constant saturation mixing ratio is then V , while the ratio
(Rep+VCg)lep+Cq) o which lies between W and V , is the
effective slope of the moist adiabats. It would equal the standard slope
of the moist adiabats if ANy = | , and that of the dry adiabats if
N =0 . The factor Ar,, in c,', is defined by (17), and actually
My=1 if A= and N, =0 if A=o0 , and 0 < N, < | otherwise.
Eg. (20) thus recognizes that under adiabatic lifting /U increases,
so that there is somewhat less condensation, and the rate of cooling is
somewhat closer to the dry-adiabatic, then if /1 remained fixed at

100 per cent.

3. The layered model

For our layered model we shall choose a simple form of the two-layer
model, in which the basic dependent variables include ql at each of two
levels, but T at only one level. Such models have been called
"2-1/2-dimensional", since the wind field is 3-dimensional while the temp-
erature field is effectively 2-dimensional. It is consistent with this
formulation to let the basic variables include W  at only one level.

We shall let the atmosphere consist of an active troposphere extending
upward from 1000 to 200 mb, and an isothermal dry stratosphere extending
upward from 200 mb. The stratosphere will play no role except to exert
the 200-mb pressure at its base. We shall let the ocean consist of an
isothermal mixed layer extending downward to 8000 mb (about 70 m), and a

dceper ocean which will play no role. We shall use subscripts 0,1,2,3 and

et
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4 to denote the value of an atmospheric quantity at 200, 400, 600, 800,
and 1000 mb respectively, and subscripts 5 and 6 to denote an oceanic
quantity at 4500 and 8000 mb. We shall sometimes choose other numerical
values for P, and P,

Our basic dependent variables will then be ‘f': . ?3 , BC, . Xs .
w, , \I\/l ’ T1 , and SS .  We must, however, recognize the existence
of the variables at other levels, and, in formulating expressions for
radiative heating, we must let \N"JL and T-* determine W and T at
other levels in a reasonable manncr. We shall first require that in each
vertical column, T be proportional to P)‘ , where A is a prespecified
constant. Noting that A= 6 or M= X =2/ would imply respectively
an isothermal or dry-adiabatic lapse rate, we find that a reasonable value

of A would be about 0.175. We next specify that the relative humidity

n be constant within a column. It then follows that 4/ m , and

hence W} T is constant, so that w is also proportional to y“ ’
. . O -1}
while # , A~ , and M are proportional to F .
From (3) and (13) we find, since W, = Wy = O , that
> W
V ‘ﬁ \ s - 2 /A p ) (21)
2 (22)
VX,= W [ P,
(23)

where AP= (p,‘ —P.)/]_ and h: RAP/ (*F, p,_) . In view of (21) and (22),

the vorticity equation (4) yields

I e et s v e o B X, 0L o
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DVQ‘{’./B\: =‘j(‘\’“vz‘f’\+f) +f°w;/AP '!'VXF\ ) (24)
20y, ot = I T 4 F) ~teafap + T F, e

Letting W, = (¥, *¥,)/ % , we find from (23)-(25) that

2 Py b3 A
VT [ot = -T(0 9T, - T(1, v, + ) *3RWs /(W) o6

+V1(F\‘F3)/h )

while

2TV, [ot = I, ) W TR IR My« V(RrR)a  en

Because W and T  are proportional to P , the terms W aw/ap

and (W bT{QP in (19) and (20) may be replaced by }Wu’/p and

» T w/ ' and, since we may assume that X, = ('X..+Y~;)/2. = OJ

(19) and (20) yield

3\"’:»/”t : 'T(%;W’*) +(v-2) w*w’/Pl tY WaGafary > (28)

dTafot = ~T{w, T,)+ [()‘\C,.4»)’(.,“}[(C,,*rc(,,).>‘]1;o.:,/¢z>1 R
+ (H; o G:)/(Cy" CQ—&) , (29) N
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while (7) becomes
dSg /3t = Es/f— . (30)

The diagnostic equations (8)-(12), with suitablce subscripts added, complete

the system.

We may now eliminate the time derivatives from (26) and (29), and

obtain the QW -equation

[(xc“uctﬁ)/(cpfcp)')]'ri»;/p; ~ IR Vq‘*’z/(h\h\)

=T, -0 T6, 9T - VT, vy, 4 f)

—(Hl—LVwGIE/(CP+C$,) + (_F\—F’s)/h
(31)

_— L
where V is the inverse of \Y} . With W given by the diagnostic
equation (31), we end up with a system of four prognostic equations

(27)-(30) governing the dependent variables ‘P)) VJIJ Tg_, and SS )

4. Sources and sinks

Although the new dependent variables are ostensibly the values of
quantities at specific levels, they are supposed to represent entire
layers, and their changes due to external influences should represent the
effect of the external influences upon entire layers. For example, we
wish -r1 to be affected by the total absorption and emission of radia-

tion by the atmosphere, rather than just the convergence of radiative

flux at level 2, which would be difficult to estimate.
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The quantities VIF. , V1F3 , G, , Hy , and E ., represent
sources of vorticity of momentum, water, and enthalpy per unit mass.
On the other hand, such quantities as radiative flux and exchanges across
the ocean-atmosphere interface are generally expressed in amounts per
Accordingly, we shall denote the respective sources

] '
H,, anda Eg . we fina

unit horizontal areca.
a4 21 '
per unit area by \' F, .V F3 ‘ G} '

that

F

APJ% F.'J (32)

Facar' g Fy !
and, in view of the assumed vertical variations of A¥ and | '
G, = rMM PJ)/“\ ( P't),‘ - P")”)-\ + G-*' ) (34)
oty e
while
(36)

Eg:(Pc-Pu) g E,

For such a crude model a nonlinear formulation of friction seems

unwarranted, and we shall let

37 A2 v ” g " ™ . - b ¢ [ A aab oo - . . ) R\ A -
: e A ad Ll Sl AR S
. T TR
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at level 4, say 1.2 kg m“3 and 10 m S—l. Probably all that can be said

[}
about h is that is should be smaller than R , and we shall let

B o=k (4-vy) 37)

-hy, t R (- ¥s) (38)

o
"

where W = (3 Yy "q'n)/ 2 .| An appropriate value for W would

*

* .
be Cp oy Uy , where Cjp is a surface drag coefficient, say

~3 * L.
2.0 x 10 7, and ﬁ and Uq are a typical density and wind speed

R'= k/u

The processes entering G:L are evaporation and precipitation. We

shall let
[ n
Gy = R{Se-ma) -k (#n-~3) (39) !
4
M . .
where AJ'.* = ;J‘a_(P.‘/r;) , and R is the same as in (38). 1In

parameterizing precipitation we have assumed a "half life" for clouds.
We observe that when (39) is substituted into (34), the coefficient of

SS‘ - /U",‘ , with the suggested numerical values, becomes about (5 days)_l.

If the half life for clouds is about 16 hours, the e-folding time is about

[
1 day, and h‘i‘ S5k .

Exchanges of sensible and latent heat across the atmosphere-ocean

interface may be handled similarly. We find that

T A L N T IR e e S BT AR T
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pa
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J

kCr(Ss"T.,B + kL(Ss_Jw) -+ Ql, (40)

"R Cp(Ss-Ty) ~hRL [ss-m) + R, “b

m
n
']

» ) [
where T, = T'1 (pq/p2> , and R)_ and Rs denote the effects

of radiation.

We shall assume that all short-wave radiation which is not reflected
by clouds is absorbed by the occan. Short-wave radiation then does not
enter R; , and its contribution to Rs' is Qo(l - a.) , where Qo
is the intensity of the solar beam and A is the albedo. We shall let
clouds be perfect reflectors of short-wave radiation, whence the albedo
equals the fraction of the sky covered by clouds. This fraction may be
parameterized in a number of ways; the formula & = qu seems to
yield reasonable values.

We shall let the ocean surface be a black-body absorber and emitter
of long-wave radiation. Absorption and emission by the atmosphere is more
complicated. We neced to know the atmosphere's fractional absorptivity
and emissivity, and the effective temperatures at which it radiates upward
and downward. It would be nointless to introduce all of the intracacies
of the appropriate radiation formulas in a model which is so crude in
other respects.  Instead we shall use a modification of Simpson's method.

In his computations of the atmosphere's radiation balance, Simpson
(1928) treated the atmosphere as being completely transparent in the
8.5-11 micron band, so that the carth's surface rather than the atmosphere

would radiate to space in these wave lengths. He assumed that a layer of

R
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air containing 0.3 mm of precipitable water, i.c., 0.3 kg of watcer vapor
per m2 of cross section, would be completely opadue below 7 and above
14 microns, so that the uppermost such layer, gencrally in the upper
troposphere, would radiate to space in these wave lengths.  In the inter-
mediate bands the atmosphere would radiate to space,at an intermediate
temperature.

We shall simplify Simpson's treatment by assuming as a first
approximation that the cloud-free fraction of the atmosphere radiates

?
upward and downward with a certain fraction O , say 0.7, of the intensity

] i
of black-body radiation, at temperatures T,, and Tq respectively.
¢
We shall let the cloud-free atmospherce abuorb the fraction O of the
. {
radiation from the earth's surface, while the fraction - oo passes
!
through. We shall neglect any variations of @& which ought to occur

because the wave length of maximum absorption and emission shifts with
temperature. We shall let the clouds radiate upward and downward as
. t !
black bodies, also at temperatures [, and Tq . These temperatures
! )
will occur at pressures P, and P“ , which will be the levels
above which and below which, respectively, the amount of water vapor

2 » .
is V/l , where V = 0.3kg m 2.

, » . . .
Letting - be the value which N’l would possess if the total
*
water vapor in a column were \Y , we find, since AN is proportioned
A~
to /‘ , that

l)/‘ ) 1 ”* )
NI R I CTE
(42)

) . \
(p,')ﬂ cR AR R -

¢

RPET? O PT LR Y - TR

P o T AR,




T2 y

-22-

-3

. . . . -5
With the numerical values we have been using, Ar is about 3 x 10 kgm .

Egqs. (42) and (43) appear satisfactory when U‘a_ is large, but they

' !
become unreasonable when N,  is very small, since p, ? Py when

R o ] [
My <N, and P, and Py move right out of the troposphere when

” ' !
A, LM /2 . It would be more reasonable to have P, and Py

i
approach an intermediate value P, as A, —» O . Formulas which

fulfill this condition, but differ only slightly from (42) and (43)

when N7y is large, are

eV e L (R [l
(44)

(r’wl\)ﬂ ) ‘PHV‘ -3 ”r*( r)»})" \o")/‘)/( Yar “-“) . (45)

With our chosen numecrical values the exponent >\/M is 3.5 ,

In addition, in the limit as A7y - O there should be no absorption

or emission by water vapor. We shall fulfill this condition by modifying

i *
the factor o by the additional factor N'g_/(l"'; N ) We find,

then, that

)

l La+(l—a) a N’;/(Ar;+/\r*)] V'(S;’T:M—T.:HB (46)

\ ¥
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u
' —G“S;+[a+("ﬂ~§a' A’z/(ff;w""’ﬂTTv' + Qo l1-a) , @
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where T, =T1(P°/P,) , Tq = Ta_( Py/r,) ,and g~

8

- -3 -4
10 kg s K is the Stefan-Boltzman constant.

5. The truncated equations

To convert our system into a low-order model, we shall approximate

each dependent variable by a truncated double Fourier series in X and '\4_ .
We shall use the same truncation which we used previously in a study of

vacillation (Lorenz, 1963), to which the rcader is referred for details

not included here.

Recalling that the domain of the variables is an infinite strip
with boundaries at A’_: (o] and 44 =D , we let Ko = )L/D and 7°= ‘y,/‘D
If X then represents any one of the variables W \P R W R T '

or S , we let

X‘ix;d};

QO:I

é‘ = 2 sim 4, €os “¥X,
§, =3 g, o w %o
I3 cos g,

1S|;\ g‘?-b CoS Y\¥.o

2 Sin ;.g. Stn Y\Xo

Ja cos +Y,

for some positive constant W . In our numerical work we shall let W= Q .

X PO DAY WG < Wt T
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We observe that §o 37T, @6 satisfy the relations
¢, é) = S“.}' ) (50)
2
Dth;:‘a;é,; N (51)

where the bar denotes an average over the whole domain, SL} is the
a _ a

Kronecker delta, and 0,20, a,= a;= |1+Wn , 4,31, a,=ag- 4+w
and ae =4 . Each dependent-variable field thus consists of an overall
average, a superposed zonally symmetric portion with two north-south
modes, and a single superposed wave with two north-south modes and an
arbitrary longitudinal phase. Ve have ordered the variables so that
subscripts divisible by three refer to the zonally symmetric field. We
include the effect of a variable Coriolis parameter F by letting
‘FB B ‘Fe / .

In general an arbitrary nonlinear function Z of §°) -, §6 ,
and hencec such a function of the dependent variables, cannot be expressed

exactly as a lincar combination of §°‘ . @6 , and further approxima-

tion is needed. 1In view of the orthogonality relation (50), the

appropriate value of -Z".L is Z @.’. . If 2 is a simple product,

say z:)(\(and )( and Y have the form of (48), we readily find that
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<m - L) - (N )/

- (1), - L), - ()10

- (O0ay [ 000, + V), + (]
s (XY + (XYY, /)2

- (X)), + (XD, /73

NCSIEEE S S AR A YA

(52)

NNNNNNN

where (X\{B,} stands for X. Y}. +X} Y . lLikewise, if £ =- ]’(X)Y))

we find that
Z,=0
5 = sulxy],, + e XYl
sy xv 1, + e [2 Yl
sy XYl +us [0 ls
2, =% [y],, ¢4 Y] o)
2. %L XY], * +p [XY]
2, - b Y], +3u | ¥7]..

Zs
2:5
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where [XY}H stands for X,.Y} _XiY"‘ and } = qhﬁ/(ls % Da)
When Z represents a more complicated function of the dependent
variables, such as one of the high powers or fractional powers appearing
in the source-sink terms in (27)-(31), an analytic expression for 2;
would be prohibitively complicated. To approximate 2,; it would be
preferable to evaluate Z and § . at each of a well-chosen set
of points spanning the domain, and then to calculate the average product
of Z and @,; .
Accordingly, we shall introduce a grid of points into the domain. At
each time step we shall evaluate each dependent variable (except \Ya )
at each point, and then compute the source-sink terms in (27)-(31) separately
at each point, finally multiplying each value so obtained by the value of
&; at the same point, and averaging. Since the functions é; are
trigonometric, this procedure is nothing more than transforming from

Fourier space to grid-point space and back again.

The estimates of £ é; « Where Z is a source-sink term, will be
more accurate the larger the number of points chosen, but since the model
as a whole is rather crude regardless of how many points are chosen, there
is little to gain by choosing too many. We shall settle for a grid of
16 points, which will be located at the intersections of the lines
o= W[B,3[%,5W/8,77/8  with the lines Mo /4,
3w/u, swfd, 0 [+

To solve the (W -cquation (31) we must either evaluate a product
implicitly in Fourier space or invert V > implicitly in grid-point
space. We shall choosc the former procedure. We first evaluate the
cocfficient of w;\/ p, in the first term of (31) (call it B) in grid-

point space, and then transform B into Fourier space. Since (wa)o =O'

— e b mNE rﬁ-&'g‘{..“..\-&_;:__._h‘ RENER

e —
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the coefficients of t§‘,-"' J Q‘_ in the Fourier transform of (31),

with ( BW;)A. as in (52), form a set of six algebraic equations to

be solved for (ul‘)‘ , T (h);_)b . The terms ( \I\_/-J “"1); in the Fourier

transforms of (28) may then be evaluated, using (52).

6. Testing the model

3
: 1 With a typical low-order dry model of the gencral circulation the

3 determination of an equilibrium solution, when the external heating is
horizontally uniform, is a trivial matter, but, with our moist model it

X is not at all obvious what such a solution should look like. The motion

‘é should vanish, but the equilibrium values of VV) , T}L . and 5;5
| are solutions of rather complicated nonlinear equations, obtained by
| [ equating Gl' v Hll , and Es‘ to zero.

As an initial test of the model we shall determincthese equilibrium
values for various values of C)u . More definitive tests with horizontally
varying CQn have yet to be performed. Assuming that a computer program I
1 to integrate the equations of the model has been written in any case, the
way to determine the equilibrium solution which requires the least addi-
tional programming, although not the least computing, is to run the model

from arbitrary initial conditions until a steady state is approached. Since

there are no horizontal variations, transformations from Fourier space 3

o

to grid-point space and back again arc unnecessary, and the computation

. may be performed at a single grid point. Because of the large heat

L it f in SR Il

capacity of the ocean, the approach to equilibrium may require many years,

ard we should note that the final state, as opposed to the process of

ad oo o g 2 T L

[

approaching it, is independent of thc ocean's heat capacity. We shall
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therefore use an ocean with a 2-m instead of a 70-m mixed layer, whose
heat capacity is comparable to that of the atmosphere.

We shall express the solar heating Qo in terms of a planetary
temperature TQ , where Q = ¢ Tc;‘ . We do not include the albedo
o in the definition of TQ , since a. 1is not prespecified.

We have obtained several numerical solutions using the suggested
numerical values of the constants, with values of TQ varying from
258 K to 288 K. We note that Q.= 340 W m~2, the approximate average
value for the carth, when TQ = 1'7? K . wWe have found it convenient
to use the surface values V\/q and Tq instead of \IJ; and T
as output, although W; and T:l. remain the working variables. 1In
each run W‘t , Ty , and Ss all equal TQ initially; T'q
would be the equilibrium value for SS if the greenhouse effect exactly
canceled effect of the albedo. We have used 1.5-hour time steps. After
two years, in each run, except one where TQ = I3 K , when five years
arc necded, the approach to equilibrium becomes so nearly exponential
that the final state can be casily extrapolated by hand computation.

Table 1 shows the results. The most outstanding feature is the

sensitivity of the equilibrium solution to TQ ; when TQ is low,

Wy Ty , and SS arc very low, and when TQ is high, Wgq ,

Tu and S; arc very high. The change as Tq changes from

268 K to 273 K is eospoecially abrupt. It is also noteworthy that Tq

is below \l\f* and SS when TQ is low, and above Wq and S;‘

when T, is high, while \/JH is always slightly below S; .

ittt (ks en 3
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Table 1. Equilibrium values of surface total dew point w4, surface

temperature T4, sea-surface temperature SS‘ and relative humidity r,

for various values of planetary temperature 'l'( as determined in first

))
set of numerical runs.

TQ 258 263 268 273 278 283 288

w4 224.1 229.0 234.5 306.4 315.9 322.9 329.1
T, 223.1 227.6 232.8 312.4 324.7 7334.2 342.9
S5 225.4 230.1 235.7 306.9 316.3 323.3 329.4
r 0.84 0.85 0.85 0.62 0.53 0.47 0.42

These features, once obscrved, are readily accounted for. We note

first that with our chosen values for the constants, AJ',_*

are about 3.6 times My and ANy

!
G‘a vanishes,

mry o= (- 3""‘/"‘") wry o+ (26 hlh") S g

n
It follows that if we had chosen kR = 3.6 k , which

\
reasonable as our choice of S5 h , 4y

2]
withk =5 kR, W

and, since Ay { Wy ,

and SS
becomes a weigqhted average of
Ss >m, , whence 35 ? \l\/., .

Suppose next that we have located a value of Tq

and that we then increase TQ . If Wq , -T‘q

We thus find from (39) that when

and Ar.f

seems just as
would be cqual.

Ny and Sg¢ . 1

for which T; =SS
I

, and Ss weroe
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to increase in proportion, the relative humidity, and hence the cloud
albedo, would remain fixed. The latent heat transferred from the ocean

a0

to the atmosphere would then increase as Tq , while the heat

returned to the ocean through radiation or sensible-heat exchange would
increase only as qu or Tq . Equilibrium would then no longer
exist, and the atmosphere would warm up while the ocean cooled. With
equilibrium reestablished, T" > 55 . Likewise, if Tq should
decrease, Tq < 55 .

It foilows, since \/\l.’ and SS vary similarly, that the relative
humidity, and hence the cloud cover and the cooling effect of its albedo,
must decrease as Tq incrcases. On the other hand, the greenhouse
effect, which depends upon the total water-vapor content, increases
when TQ increases. The equilibrium values of Wq ’ T.' , and S,
should then incrcase of decrease very rapidly as Tq increases or
decrcases, and should be below Tq when Tq is low and above TQ
when TQ is high.

The suddeness of the increase in Tq as TQ reaches 273 K was
not anticipated, and it suggests that there may actually be two stable
equilibria, with an unstable ¢uilibrium in between. This idea is
supported by the observation that for TQ = 273 K , the rate at which
T.* departs from its initial value continually increases for the first
three years. To test our hypothesis we have performed‘some additional
2-year runs, increasing TQ in steps from 258 K to 288 K, and then
decreasing TQ in steps back to 258 K. 1In each run after the first one

the initial conditions arc the final conditions of the previous run.

We find indced that betwecen TQ = 268 K and Tq: 278 K there are

e
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multiple equilibria, comprising a cold regime which is approached when
the initial temperatures are low and a warm onc which is approached when
they are high. Fig. 1 shows the equilibrium valucs of ’T; plotted
against _T}Q . The large dots indicate the results of particular
runs. The dots fit two smooth curves.

Presumably these curves are portions of a single smooth S-shaped
curve; the intermediate portion passes through the unstable equilibria,
and in Fig. 1 it has been sketched by eye. It could be located by a
successive-approximation procedure beginning with a good initial guess,
such as the guess shown in Fig. 1.

We cannot say at this point whether the model has passed or flunked

its first test. The cold and warm regimes scem unreasonably cold and warm

by comparison with the real atmosphere, and indced the oceans would be
thoroughly frozen in the ocold regime while the implicit assumption

that the mixing ratios are fairly small would not hold in the warm regime.
However, in reality no column of air with its underlying ocean is iso-

lated, since there is always a circulation in the atmosphere and in the

ocean between the more strongly and less strongly heated regions. Also,

we do not know how the real atmosphere would behave if the carth's

surface were all ocean.
The absence of a stable equilibrium value of ‘rh between 260 K

and 290 K is not necessarily serious. The approach to a cold or a warm

stable equilibrium is so slow that when 'Th varies horizontally, the

resulting circulations will have ample time to prevent either equilibrium

from being approached. We might also observe that a curve of Ty

against SE), would have a nearly constant slope, so that if the
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sea-surface temperature had been prespecificd, this phenomenon would

not have occurred.

7. Concluding remarks

We have constructed a low-order moist general circulation model
which contains 20 prognostic ordinary differential cquations if the
ocean is assumed to have zero heat capacity, and 27 cquations if it has
finite heat capacity. The model atmosphere is composed of dry air,
water vapor, and liquid water, and the thermodynomic and radiative cffects
of water vapor and clouds are included.

We have run the model for the special case when the solar heating is
horizontally uniform, and have obtained an uncxpected result, namely,
that for certain intensities of solar heating there are two decidedly
different equilibrium solutions. We have not yet performed any runs
with horizontally variable solar hecating, which should prove to be of
greater interest.

We have constructed the model in such a way that modifications may
easily be made, and we anticipatc that, in subscquent development of the
model, modifications will be made. These might include changes in the
numerical values of constants, altcrations of specitfic formaulas such as
the one relating cloud amount to relative humidity, or cxplicit recog-
nition of the partially absorbing water-vapor band:. It i casy to add
to the model, say by giving the ocean surface a prespecified albedo,

including the absorption and emission of long-wave radiation by a

prespecified concentration of carbon dioxide, or including some absorption

of short-wave radiation by the atmosphere.
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We must recognize, however that the low horizontal and vertical
resolution preclude from the start the possibility of closely reproducing .
the atmospheric circulation. The purpose of the model is to test quali-

tatively the influence of various moist processes over a far wider

range of conditions than is economically feasible with a large model.
Inclusion of such processes as reflection by the ocean is desirable
only if it contributes to the main purpose.

We believe that the weakest features of the model are the assumptions
of a uniform lapse rate of temperature and a uniform tropopause pressure.
Together these imply a perfect relation between surface temperature
and tropopause temperature, and hence, except when very little moisture
and cloudiness is present, a closc relation between surface temperature
and the temperature at which the bulk of the outgoing radiation takes
place. There should therefore be large variations of outgoing radiation
with latitude. 1In the real atmosphere these variations are not so great,
because in the tropics the uppermost layers of water vapor are very high,
and arc as cold as those in the polar regions, which are not so high.
Hence the real atmosphere should require a greater cross-latitude heat
transport than the model. Also, the stabilization of the lapse rate
when kinctic encrqgy is released would be a desirable feature.

It is our ultimatce intention to attempt to eliminate these weaknesses.
We should be able to allow the vertically uniform lapse rate to vary
horizontally, thercby adding scven more prognostic equations to the model. a
We prefer to find some means for representing the tropopause height in
terms of the surface temperature and the lapsc rate, and perhaps some
other quantities, instcad of letting the tropopause height become still

another prognostic variable.
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